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Abstract—The catalytic recombination of atoms along a surface with a discontinuous variation of the
surface catalytic activity is studied. The catalycity is considered to have a discrete jump from either
zero or infinity to an arbitrary but constant value at a given location. Highly cooled hypersonic laminar
boundary layers are considered for general two-dimensional and axisymmetric bodies. Two approaches
are used in the study: a Volterra integral equation which is solved by both a series method and a
numerical method and a modified Pohlhausen integral method.

The effect of a non-catalytic up-stream surface on the heat transfer to down-stream surfaces with a
finite catalycity is discussed. Also, a method is advanced to increase the sensitivity of a differential
catalytic gage used for the determination of local atom concentrations of high temperature experi-

mental facilities.

NOMENCLATURE r, distance from axis of symmetry to a point
A, parameter defined by (27); on the surface;
an, expansion coefficients defined in (31); Sc¢, Schmidt number;
by, expansion coeflicients defined in (32); s, streamwise variable defined by (7);
C, pp/pepie; T, absolute temperature;
C, pu/(pefre)s; t, variable defined by (7);
cp, specific heat at constant pressure; U, ufu, = dfjot;
D, diffusion coefficient; u, x-component of velocity;
F, atom concentration integral defined by vV, — offos;
(50); v, y-component of velocity;
G, parameter defined by (60); x, streamwise distance along the surface;
G, parameter defined by (55); ¥, distance normal to surface;
h, frozen total enthalpy defined by (6); z, mathematical dummy variable.
hg, heat of recombination of atoms;
k., specific constant for catalytic surface re- Oreek symbols
action; a, mass fraction of atoms;
L, reference length in general; nose radius B8 (L/tx)(due/dx)s for sphere;
for spherical nose; I, gamma function;
m, afae; I when ky= o for s = 5
n, integer; & Owhen k, =0 for s s,:
Pr. Prandtl number; 4, non-dimensional momentum boundary
D, pressure; layer thickness defined by (47);
g, heat transfer to surface/unit time/unit  4m, non-dimensional diffusion boundary
area: layer thickness defined by (50);

Re, uwxo/ves; 8, modified momentum boundary layer
, - thickness defined by (48);
[ Head, Heat Transfer Section. §, momentum boundary layer thickness;
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8m, modified diffusion boundary layer thick-
ness defined by (50);
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$,,- diffusion boundary layer thickness;
%, variable defined by (50);

¢, half-wedge angle or half-cone angle;
A, varjable defined by (29):

i, absolute viscosity;

v, kinematic viscosity;

€ siso;

p,  density;

@, form factor defined by (27);

¢, variable defined by (39);

¢, stream function defined by (11);

&, function defined by (66).
Superscripts

1 for axisymmetric bodies

0 for two-dimensional bodies;
(), total differentiation with respect to £.

€

Subscripts
¢, due to convection;

d, due to diffusion and recombination of
atoms;

e, edge of boundary layer;

i,  ith species;

J.  location at which (62) and (63) are joined;

o, location at which k., varies from either
zero or oo to an arbitrarily constant value
discontinuously;

5. stagnation point or leading edge;

T, total value;

uniform k. from leading edge or stagna-

tion point;

w,  wall;

2,  molecule;

o, free stream.

1. INTRODUCTION

THE gases in the immediate vicinity of hyper-
sonic vehicles are usually dissociated. The
dissociated radicals tend to recombine in the gas
or on the surface as the gas flows over the body.
When the gas contains a large amount of
radicals, the heat transfer to the surface is
greatly affected by the rate at which the re-
combination is taking place. A study of the
factors which govern the recombination pro-
cess is, therefore, very important in the analysis
of such heat transfer.

Extensive study has been carried out on non-
equilibrium boundary layer and surface re-
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actions by different authors [1-11]. In the light
of [2-4], it can be seen that the gas-phase re-
combination may be nearly frozen for many
flight conditions of hypersonic vehicles and for
extensive regime of test conditions in high
temperature experimental facilities. Under such
circumstances, the chemical energy of the
dissociated radicals participates in the heat
transfer only through the surface recombination.

The subject of catalvtic surface recombination
in the boundary layer flow of frozen dissociated
gas has been analysed extensively [5-11]. How-
ever, all the previous analyses have been con-
fined to the case in which the catalytic efficiency
of the surface is invariant along the surface. In
practice, the catalytic efficiency of the surface
may vary in some arbitrary manner either due
to the variation of surface temperature or the
surface material. With a continuous variation of
surface temperature, the catalytic efficiency alse
varies continuously. On the other hand, when
the surface is made of different materials located
adjacently, the catalvtic efficiency will have a
discontinuous variation.

In the present paper methods of solution are
presented for treating discontinuous variations
of surface catalytic efficiency. In the specific
examples presented, attention is limited to the
cases in which a surface of an arbitrary, but
constant, catalytic efficiency is located down
stream of a leading edge or stagnation region
which is either a perfect catalyst or a total non-
catalyst.

The governing laminar boundary layer equa-
tions are first derived for the hypersonic flow
over two-dimensional and axisymmetric bodies
with a discontinuity in the surface catalycity.
The general behavior and the method of solu-
tion of the equations are discussed. The specific
problem of catalytic reaction taking place along
the surfaces following a non-catalytic surface is
then solved for a flat plate, wedges, and cones
and for a hemisphere. Finally, the implications of
these solutions with regard to typical applications
are discussed.

The boundary layer is considered to be com-
prised of a frozen dissociated gas throughout
the analysis.

Two of the more important applications of
the present analysis arise as follows.
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(a) Consider that a non-catalytic surface
material is used locally to reduce the
maximum local heat transfer such as near
a leading edge or a stagnation point. The
present analysis, then, gives the effect of
the upstream surface chemical condition
on the heat transfer to the downstream
surface when its catalytic efficiency is
different from that of the wupstream
surface.

The second application is associated with
the construction of catalytic gages for the
diagnostics (measurement of local atom
concentrations) of high temperature ex-
perimental facilities. It will be shown later
that, in many cases, it is advantageous to
locate the catalytic gage surface away
from a leading edge or a stagnation point
and, at the same time, use a non-catalytic
material for the surfaces upstream of the
gage surface. The present analysis gives
the heat transfer along the gage surface
which can then be used to deduce the free
stream concentration of radicals.

(®)

2. TRANSFORMATION OF BOUNDARY LAYER
EQUATIONS

Consider the boundary layer flow around
two-dimensional and axisymmetric bodies (see
Fig. 1 for the physical models). The fluid is
considered to be a partially dissociated diatomic
gas of constant Prandtl and Schmidt numbers,
and it is assumed to be chemically frozen in this
state throughout the entire flow field under
consideration. The governing boundary layer
equations are:

(a) Continuity

dpurs

ey U oay 0. (0
(b) Momentum

u ou 0 [ ou d
Pua+PUé;:5;(ﬂa;)*a§- @
(c¢) Frozen total energy
oh ch @ [u oh
et = o )

a3 o

dpure
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Fic. 1. Flow configurations considered.

(d) Diffusion of atoms

Jda oo 0 [p Oa
g slsa) @
(e) Mass fraction of molecules
ap=1—a 5)
where
u2
h =Y (a; [? cpi dT) + - ©)

As discussed in [11], the boundary condition
associated with the surface reaction usually does
not permit a complete similarity solution of the
governing equations. Particularly, in the present
case of discontinuity of surface catalycity, it is
very unlikely that a similarity solution exists.
With this in mind, the general transformation
technique used in [11] will be first applied on
the governing equations, (1-4), to simplify them.

A set of independent variables is defined as

s = [z Cu, r¥ dx

v
t == Ug© J dy )
Pes

0
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where

= PR P\ Pefte Pelte

C == == ) = C . 8
(peme)s (Peﬂe (pepe)s (pette)s ®

The local pu-ratio, C, will be considered to be a
suitably chosen constant. For instance, we may

let
|G

for low local Mach numbers in accordance with
the suggestion of [12]. A study of [12] and [13]
shows that the effect of assuming a constant C
on surface phenomena, such as heat transfer and
diffusion to the wall, may be at most of the
order of 5 to 10 per cent.

Next, a set of dependent variables is defined
in terms of the stream function ¢ as

Oys
ot
o

Where # satisfies the continuity equation identi-
cally, i.e.,

o
pure = Pes'a‘;

o
'a_"xo

The governing equations (1-5) become:

(1D

Pvre = — Pes

(a) Continuity
oUu oV
os ot
(b) Momentum

olU oU ae2U
UtV =vem

= 0. (12)

ldue Pe 2
“’7835(';“(])-

(c) Frozen total energy

oh  ves &%
ot~ Proor

1y &2 (Ue
2 ———— R d —
T ves g (1 Pr) or? ( 2 )

oh
U8—S+V

(14)
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{d) Diffusion of atoms

da du  ves P
U8_s+ VE?H'S?a—zT (15)
(e) Mass fraction of molecules
ay =1 — a. (16)

The reader is referred to [11] for a more
detailed derivation of (12~16).

The last term of (13) is zero for a flat plate or
wedge and cone in supersonic flow since there is
no pressure gradient. Also, according to [13],
the last term may be neglected for a highly
cooled boundary layer {po/pw < 1) with pressure
gradient. Equation (13), therefore, becomes for
a flat plate, wedge, cone, and for a highly cooled
blunt body:

oU oU U
U?S T V@}':V“ —a—tvz'. (17)

As a consequence of assumption (8), the
momentum equation (17) and the diffusion
equation (15) are no longer coupled to the energy
equation. The solution of energy equation (14)
depends on the momentum equation and this
may be found elsewhere, [13]. Now it is seen
that the boundary layer equations to be solved
in the present analysis are the simplified con-
tinuity, momentum, and diffusion equations of
(12), (17}, and (15). Once the solution of the
diffusion equation is known, the total heat
transfer distribution can be obtained by the use
of the solution of the frozen energy [see (65)]
and the diffusion equations as

qr = {qe -+ qu, (18)
where
'da
qa = pwDy (é;) . hg. (19)

Boundary conditions for (12), (17), and (15) are
as follows.

At =0
U=V =0. 20)
Fors £ s,

o = 0 for perfect catalyst,
a = a¢ for non-catalyst.

@n
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Fors = s,
da Sc
— = - kow)a. 22
9t pesCuigr (pkw)a (22)
Att =
a
U= - = 1. (23)

Boundary conditions (21) and (22) are derived
as follows. First, for s < 5, « = 0 when the
surface upstream is a perfect catalyst since it is
then a purely diffusion controlled reaction. Also
for s < 54, « = a, when the surface upstream is
non-catalytic since there is no sink for atoms.
For s = s0, the relationship shown in (22) is
derived from the fact that the diffusion rate of
atoms at the wall is equal to the rate of re-
combination of atoms at the wall. The surface
catalytic recombinations of important radicals,
such as oxygen and nitrogen atoms, are known
to be first order processes (see [6-11]). Thus:

Oa,
Pwa (@)w = Pwkwaw (24)
where k., is the specific reaction constant for the
surface reaction and is a property of the surface
material for a given gas reaction. It is directly
related to the catalytic efficiency.

Finally, for s 2 s, it should be mentioned here
that the right side of the relationship in (22),
strictly speaking, is not a linear function of a,,
since py is also a function of ay. In the work of
[11], the equation of state of a dissociated di-
atomic gas was used to express py, as an explicit
function of a,. The resulting non-linear bound-
ary condition was then used for the diffusion
equation, and the solutions were obtained by the
use of a digital computer. In the present study,
it is desired not only to obtain results of practical
significance but also to have a better under-
standing of the governing effects of surface
reaction. Attempts are therefore made to pursue
the solution of the problem primarily in closed
form without recourse to digital computers.
For this purpose, the detailed variation of py,
with respect to ay is not taken into account but,
rather, py is considered a known function of
pressure and surface temperature. In the light
of [11], it is seen that such approximation is
acceptable for -practical purposes.
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As it can be seen from (19) and (24), our
immediate interest is to solve the diffusion equa-
tion for the surface distribution of atoms.

Two approaches to the solution of the diffusion
equations is presented. Depending on the region
of interest and on specific examples chosen, one
of these approaches will be found to be more
suitable than the other.

3. DEVELOPMENT OF A GENERALIZED
VOLTERRA INTEGRAL EQUATION

One method used in the present paper to
solve the diffusion equation involves a Volterra
integral equation derived by combining the
momentum and the diffusion. equations. The
development which leads to the integral equation
is briefly discussed.

In [6-8], the Lighthill’s heat transfer equation
(reference [14]) was used to study the problem
of surface reaction when k, is invariant with
respect to x. The final solution is obtained only
for the flat plate. A more generalized form of
the Lighthill equation was derived in [15] in
connection with the boundary layer on a flat
plate.

A generalized integral equation is developed
here which is similar to that of [15], except that
the present equation is also applicable to hyper-
sonic blunt bodies and satisfies boundary
conditions (20-23).

A comparison of the present transformed
equations (12), (17), and (15), with (AlS),
(A16), and the homogeneous portion of (A17)
of [15] shows that the present equations are
mathematically identical in form to the equa-
tions of [15]. The wall boundary condition used
in [15] for the energy equation was that the wall
temperature is constant for x < x, whereas
for x = x,it varies along x in a specified manner.
In the present problem, for s < sy, @, is constant
and is equal to either zero or a.. For s = 5o, ay
varies along s, although it is not an a priori
known function of s. If the relationship of (22)
is left unsatisfied for the time being, it is seen
from the preceding discussions that an integral
equation for the surface diffusion rate of atoms
can be derived in the same manner as the integral
equation for heat transfer derived in [15].
Starting from (12), (17), and (15), and following
the method of [15], the following generalized
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integral equation is readily derived which gives
the diffusion rate of atoms at the surface.

om
e e 1/3
( Fr )w yScV3a(s)

Scl/® s [dmu(2)/dz] dz
~ s Voo | e
@5

where
o 1
ofs) = ( _8_{)36 =032 s
and m = afa,.

Equation (25) combined with the boundary
condition of (22) then gives, with & == s/s,,
z == z/s, and a little manipulation,

mu(€) = AV3()

¢ [dmu(z)/dz] dz
[ros7se-un — g ['ELEEET o
where
o33
A= tayeram 5

M) v
wo-(2))

1 when &y, — co for s < s,
4o @7
when k;, = 0 for 5 £ 5.
Equation (26) is a Volterra equation of the
second kind. In the parameter defined in (27),
kw represents a measure of the surface reaction
rate, whereas the rest of the physical quantities
represent a measure of the atom diffusion rate
across the boundary layer. The parameter A2
is therefore essentially the ratio of a character-
istic chemical reaction time to a characteristic
diffusion time, and it is the reciprocal of a
Damkdohler number (see [9]). The function &(¢)
is a form factor in that it is a function only of
a body shape.
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The only approximation made during the
entire course of deriving the Volterra integral
(26) is that the velocity profile in the boundary
layer was assumed to be a linear function of ¢
(see [15]). This assumption, however, is accept-
able for the analysis of a surface reaction since
the atom surface distribution obtained in [6]
for a uniform k,, with this assumption showed
no apparent difference when compared to the
atom distribution obtained by an exact numerical
solution of the original differential equations.

4. METHOD OF SOLUTION OF THE VOLTERRA
EQUATION

Solution of the Volterra integral equation
developed in the preceding section can be ob-
tained either by a series method or by a numerical
step-by-step calculation. While the series method
is more exact, its usefulness is limited. The
numerical scheme used here, though involving
some approximation, is general enough to
adapt to all conceivable flow configurations of
practical interest. Each method is outlined in
the following sections.

A. Solution by series method

Equation (26) can be solved by a series
method, Consider, first, the case of an invariant
k. all along a flat plate. For this case, x, = 0,
and y = 0. If x, is replaced by another reference
length L, (26) becomes

2L [dmy(z)/dz] dz

M) = — AP jﬁ @ gy (28)
where
g (33277828 f’i") tho :i?_)
N T TACYE) N P A Vo VA Yo7
X
f 17 Z

Equation (28) is now essentially the same as
that given in [6]. The solution of (28) was ob-
tained in [6] by expanding m, into a power
series of £, The right side of (28) then becomes
integrable and is given by a new series in powers
of & with coefficients involving Beta-functions.
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Returning to the present problem, any similar
attempt to integrate (26) by a straightforward
expansion of €2 fails completely, because the
lower limit of the integral of (26) is not zero as
was the case with (28). In order to circumvent
this difficuity, a new independent variable A is
defined by

y= Tt -, (29)

The change of variable from £ to A transforms
(26) to

mf(X) = A¥B() [7(0 975)( - 1)*2'3
L o

A study of (30) shows that if m, and D are
expanded in the following power series,

M) = 3 apAs a1
n=0

DY) = 3 byAns (2)
n=0

the integral appearing in (30) then becomes
integrable, and the equation can be reduced to

Z ApA" 3 = AL3 (Z by An/3)

n=0

[r0973) @2+ 12 — ey

\“‘n

43”

I'(n/3) T(2/3)

R R )

After expanding the terms [(3/4)A -+ 1]-2/3 and
[(3/4)A4-1]-%% in a power series, for [(3/4)A2 < 1
the unknown constants (a@,) can be obtained
from (33) by collecting the terms with like
powers of A. The resulting series (31) is then the
solution of the Volterra integral equation (30)
within the region of convergence of (31).

There are two limitations to the above method
of solution. First, the expansions of
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[3/4A + 1173 and [(3/4)A + 1]-*% are valid
only for [(3/4)A]? < 1. Therefore, the solution
of the integral equation is, at best, valid only for
the region defined by (6% — 1)* < 1. In addi-
tion to this limitation, the form factor expressed
by (32) may cause the convergence of the series
solution to be too slow for practical application
of this method.

The present series method, however, gives an
accurate solution of the problem within the
region of convergence of the series. The results
of the series method, although it may have a
rather small region of convergence, can there-
fore be used as a check to the more approximate
methods presented later in the paper. It will also
be of particular interest for the case where the
accurate result in a small region near £ = 1 of
the catalytic surface is of significance, such as a
catalytic gage of small dimensions.

The series solution of the integral equation is
illustrated by considering several fundamental
cases. The solutions are obtained for a surface
with arbitrary but constant k, located im-
mediately downstream of a non-catalytic lead-
ing surface (y = 0) on a flat plate, a wedge, and
a cone.

First, consider a flat plate or a wedge. The
form factor @ is unity for a flat plate and is a
constant u,./ux for a supersonic wedge. Equation
(33) is rewritten for a flat plate or a wedge as

% A3 = — (NV34V3P (3 A 4 1)1

ne=0
£
Zn

a=1

I(n/3)I72/3)

AL —1)73]
" Ii(n + 2)/3] '

(34)

The solution of (34) requires an additional
boundary condition with which g, is defined.
The diffusion boundary layer starts at A = O
and the diffusion boundary layer thickness is
zero there. The only consistent m, at such
location, A =0, is unity (see [6] and [l1]).
Therefore, a, must be unity. The other a,’s are
obtained by collecting the terms with like
powers of A in (34). The determination of g,
becomes quite laborious as »n increases mainly
due to the term [(3/4)A -+ 1]-13. In the present
study, the first twenty a,’s were obtained, of
which the first nine, besides a,, are given by
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_ ( 1)11 3 n/3
= TCRPTHE + 1) (4A<D3)

(=D Z UK P
D "‘1" (n/3 + 1)(

- w2, () ()

2 2 OV i)™

=3 I=K-+4

(35)

The above equation is valid for a; < ax S q
only. The remaining terms are not readily
expressible in general forms and, therefore, are
not given here. The surface atom distribution is
then obtained by the use of (31).

Now consider the flow over an axisymmetric
cone. The form factor becomes:

B(N) = [(%) (’Z’) sin 9] (2 A+ 1)4/9. (36)

In the above expression, ue/u« is constant and
is a function of the free stream Mach number
and the half-cone angle . Equation (30) becomes

371/38 1/9

e () e T e
A (dmy/dz) dz
L —m &7
For most practical purposes x/x, < 1-5 and the
corresponding range of interest for A is then
about two. For such limited values of A, the
value of the term (3/4A 4+ 1)'/° can be considered
as being practically equal to one. With this
approximation, the determination of the ay’s
from (37) becomes unexpectedly simple, and the
surface atom distribution is obtained with the

aid of (31) for all ¢ as

_1)n w3
o = 1+Z[r(2/3>]nr(n/3+1>¢ (38)
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where

1 3
* = Ttefuo) Geol D) s BF (2;74)"

1

" [(#eftioo) (xo/L) sin 0P 4 (&n -

1). (39)

B. Solution by numerical method

It is known that a Volterra integral equation
of the type given by (26) usually can be solved
by a relatively simple numerical method. For
instance, the availability of a numerical method
of solution was suggested in [7] in connection
with the Volterra equations developed for the
invariant k, cases.

A general method of solution of (26) for
y == 0 will be discussed briefly. The method will
then be used to solve the problem of the reac-
tion along a surface downstream of a non-
catalytic surface for a sphere.

The Volterra integral (26) becomes, for
y = 0:
¢ rdmy(z)/dz] dz
mu(§) = — AVB(E)¢ 1 J [(f,";(_)/}])v (40)

The method of solution essentially consists of
subdividing the interval of interest into small
sections and approximating the function m,(z)
by a function such that (40) can be integrated
analytically for each section. The segmentized
solutions are then summed numerically, step-
by-step, beginning from £ = 1 so that a continu-
ous solution of mu(¢) can be obtained. This
method of solution has the merit that it is very
general in nature, and the numerical work
involved is not usually excessive and can be per-
formed by the use of a desk calculator.

The value of my, in the nth interval is found
as follows. Let the subdivision of the interval
be represented by &, £,...&g...where
£o =1 (see Fig. 2). Then, we let the solution
mu(z) for the kth segment (£, < z < &) be
expressed by

My, = dg — byz%4, (41)

The particular exponent of z in the above
equation is chosen so that (40) will be integrable
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Fig. 2. The numerical method for solution of (40).

for each segment. Now for the nth segment, (40)
becomes, with the aid of (41),

1 (an— bnfi")f;/‘
AT Oy

= (5)peteere - e e — gy
- 42)

Equation (42) has two unknowns: a, and b,.
Another equation is obtained from the fact that
ny, is continuous. For the nth segment, therefore,
My at £x-1 must be equal to that at £,-; obtained
in the preceding segment. Therefore, we have,
from (41):

Muypyp—y = dp— — bn«-lf‘:’fil = ln — bnff!i 1

43

When a, is eliminated from (42) and (43), there
results the equation:
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The method discussed above was first tested
by solving the problem of surface reaction along
a flat plate with an invariant k., the exact result
of which is given in [6]. A comparison of the
numerical solution with the analytical solution
of [6] showed that the present numerical method
gives results which are within 3 per cent of the
results of [6] when (€ — &r—) ~ 0-1. Higher
accuracies, when desired, may be obtained by
using smaller intervals.

The numerical method has been used to solve
the problem of the reaction along a surface
following a non-catalytic surface on a sphere.
The external hypersonic flow properties for the
sphere, when taken to be the simplified ones
used in {13}, become

for x/L < 1-2,

and

Petbe P
(peite)s ps
Results will be discussed later.

(46)

5. SOLUTION BY MODIFIED POHLHAUSEN
INTEGRAL METHOD

As was seen in the preceding section, the
series method, which essentially gives an exact
solution, has a few fundamental limitations in
its application. The numerical method, although
quite flexible in its application, lacks the general-
ity of a closed form solution. In the present
section, a modified Pohlhausen integral method

bnz

-1
Eltmu,n— + § APD(En) 3 bp[(E4 — &8 — (£ — g4 yuis]
k=1

EFER—ER) +§ AP E— B

(44

Equation (44) can be used to calculate b, step-
by-step starting from the known value of
mw,, = 1. Once by, is obtained, a, is calculated
from (43) since muy,n-, is already known. n1,,, is
then obtained from (41) as

My,n = Ap ~— bﬂfﬁu.

(45)

will be developed, which will enable us to arrive
at simple, though less accurate, closed form
expressions for the solutions of a flat plate and
a wedge. A similar method was successfully
used in [11] to solve the surface recombination
problem with an invariant k.
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The present continuity and the momentum
equations, (12) and (17), and their boundary
conditions in the s—¢ co-ordinate are mathe-
matically identical to those for incompressible
flow over a flat plate in x—y co-ordinates. The
solution of the present momentum equation,
therefore, can be immediately obtained from an
existing solution for a flat plate with some change
of variables. Using the solution given in [16],
we obtain

) 1
— — 4. 172 :
4= UaoXEH! 464 \/(Re u x"+1)f “47)

5 = ugre ja LAy (48)
oPes

The analysis is confined to the reaction along
a surface following a non-catalytic surface. The
diffusion equation (15) is first integrated with
respect to ¢, and the following integro-differential
equation is derived for ¢ = 1.

UaoXg 1\ d 1 1 /om
Re (—So dz (Fdn) = S % " (49)
where

8m
F= U1 —m)dn, 4y = =

(50)
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5
= ZOgnn”~ (52)
The coefficients g, are obtained by letting the
profile satisfy the following boundary conditions

derived from (21-23) and (15) and (7).
Aty =20

am -

—a—n = Gdpm

m

5172 =0, (53)

Aty =
m=1
om  3m
where

kw Pw U xO\ €

o-se() (i) (L () o
(T o) (2] (). o9

One coefficient in (52) is left to be determined as
the solution of (49); therefore, only five bound-
ary conditions appear in (53) and (54). The
concentration integral, F, given in (50) becomes

F = 134 (7"‘) [1 — My (1 + % GAm)]. (56)

Now let us confine the remainder of the
section to the analysis of flat plates and wedges.
Equation (49) then becomes

( ) " (1 ) ( )
5 A
n lw

14 1 So (A; !
3 Re uxnxoSC

)1+ f0n)

A

w =

()1 s0am)

In order to solve (49), the U profile across the
boundary layer is first approximated by a linear

function
3/t 3 /4
Uzz('a) :Q(Z)”'

The particular coefficient 3/2 in (51) is obtained
from the wall-shear calculated in [16] for a flat
plate. The m-profile is approximated by the
following fifth degree polynomial.

(5D

In order to solve (57) analytically, it is assumed
that the thickness of the diffusion boundary
layer along the present surface is the same as that
along a hypothetical surface for s = s, with
my = 0. With this assumption 4y, is independent
of my, and (57) is linearized. If the boundary
condition of (22) is replaced by my = 0, the
present diffusion equation, (15), and its boundary
condition in s-¢ co-ordinates becomes mathe-
matically the same as the energy equation and
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tions analysed in [16] for a flat plate with a finite discontinuity in the surface

its boun ry condit [16} for 1th
tempera e. The following equatlon therefore, can be deduced from the analysis of [16];
A_Z’_’ — S("l":’(f:‘“ — 1)1,354,‘4' (58)

Equation (57) which is now linearized by the use of (58) is solved for my, and the following
expression is derived;

1

4-64 \/(RL ) ScU3(EA 123 [| 4 GEVH(Et — 1)173]

14 1 s ~ d¢
o] =50 o (i) ) (53/4—1>2/3[1+G(53/4—1)”361/4]}

[4 “ (L \Sc—z'sf(sw—n%f 4 expf s [(L %
2 A \Reuxxo) N \Re uxXo/

My =

o de L k] (59)
J (58/4__ 1)4/5[1 + G(§6/4___ 1)1/3§1/4] J J

where K is a constant of integration, and

G — (4)(14564) Sc-1/8 \/ (% %‘;0 ) G. (60)

For a flat plate or a wedge, so = Cuex, . G defined by (60) can be shown to be related to the
parameter AY3P defined in the preceding sections by the equation

4 ©33288 1
G= (15) (46) oy rErs) (A ey (61)

Equation (59) includes a single and a double integral which cannot be integrated analytically
as they stand

To integrate, the integrals are divided into two parts so that each is valid in the intervals
1 2 €< ¢ and € = &, respectively. The integrations are then performed approximately for each
of the two intervals. The final solution of the problem which satisfies the boundary condition
that lim m,, is finite is then derived from (59). The results are given as follows. For the detailed

£,
derivation of the following solution from (59) see {22].
Forl s £,

2(&'3/4_ 1)2/3 + 3G(§ — 1) + 4G2I(l’ f) + GS[;(§3'4 __ 1)53 + %(§3/4 — 1)8/3] )
2({_‘3/4 . 1)2’3[1 + G(é‘.‘3/4 — 1)1/35],"4]4 >

(62)

My =

and for ¢ = &,

My —

(€4 — D22 — (& — I + G(§ — &) + 3G°(&, O] + (& — D[ + G(EN — DV& Py
(53/4 _ 1)2/3[1 + G(§3/4 —_— 1)1/351’4]3

(63)
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where
& = 1333,
1o = |C 0 g womaz (68)
(‘fj: é) h (55314__1) T Ao

Values of the integral I(1, £) are tabulated in
Table 1. It is seen that (62) and (63) are essen-
tially closed form solutions for the flat plate and

Table 1. Values of I{1, &

3/4
I, 8 = F "1 an 4 2 de

gr1’ 1, 9
0 0
004 0-0130
012 0-0461
024 01215
0-36 02171
048 0-3306
0-60 0-4609
072 0-6074
0-84 0-7697
0-96 0-9473
108 1140
120 1348
132 1572
144 1810
156 2.063
168 2331

the wedge and are valid for all ¢. The accuracy
of the solution is checked later by comparing it
to the series solution, obtained previously, for
the interval in which the series is convergent.

It is seen that the present solution, like the
series solution, depends on the parameter G
alone which is related to 4'/*® by (61).

6. HEAT TRANSFER

Total heat transfer to a surface upon which
the atoms are recombining is given by (18).

qr =4ge + qa. (18)

In the above equation, g, is the heat transfer
due to the convection of frozen thermal and
kinetic energy, and g4 is that due to the diffusion
of atoms and their recombination at the surface.
Solution of the energy equation (14) and thus
g. was obtained in [13] as

ge = 0-47Pr-234/ [ porse)s CIA/ (el — ha)82(x)
(65)
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where

._..Nl__ Mf& .lfiré
V(2) (pepre)s thoo

e e

The quantity gg can be obtained from (19) and
(24), and the values of myu(x) can be obtained
from the solutions of the diffusion equations
described in the preceding sections. In particular,

(67)

(66)

g = pukKwoduhg,

for x = x,.
For the specific problems solved in the present
analysis, gq is zero for x £ x, because y = 0.

7. RESULTS AND DISCUSSION
The results of the analysis will be discussed
first. Some of the implications of the results to
two specific applications mentioned in the intro-
duction of the paper will then be studied.

A, General results of analysis

Results have been obtained for configurations
wherein the surface of finite catalytic efficiency
is displaced downstream from the leading edge
or the stagnation point. The surface in the front
portion is assumed to be non-catalytic. The
effects of this displacement are studied by com-
paring the present solutions with the existing
solutions for the same body geometry but with
uniform surface catalytic efficiency. For simplic-
ity, we shall denote the two configurations as
the displaced catalytic surface and uniform
catalytic surface cases, respectively. Surface
distribution of atoms on the displaced catalytic
surface for a flat plate or a wedge is shown on
Fig. 3. The solid lines show the values calculated
by the use of (62) and (63). The points are the
values calculated from the series solution of (31)
and (35). The limited comparison given in the
figure between the solid lines and the points
shows that the results of the integral method are
quite acceptable for practical purposes.

The broken lines in Fig. 3 are for the cor-
responding uniform catalytic surface cases
obtained from [6]. It is seen that the present
decreases rather rapidly up to ¢ of about I1-1;
however, it levels off quite sharply and then
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" T———RESULT OF POHLHAUSEN INTEGRAL METHOD, (62) AND(63#

) s RESULT OF SERIES METHOD.(31) AND (35) i
“OR "' — —RESULT OF REF 8] FOR UNIFORM £,
T T

5 20
t
F1G. 3. Surface distribution of atoms over flat plate
and supersonic wedge.

approaches the broken line asymptotically.
Thus, the atom concentrations along the dis-
placed catalytic surface stay substantially above
the values for the uniform catalytic case for a
considerable length of the surface. This means,
as seen from (19) and (24), that the effect of
having a non-catalytic surface upstream is to
increase gq along the downstream surfaces with
a finite catalytic efficiency.

Fig. 4 shows the surface distributions of
atoms around a spherical nose computed
numerically by the use of (40-46). The solid
lines show the variation of m,, along a displaced
catalytic surface starting from x/L = 0-6. The
broken lines, on the other hand, show the values
of my, for the uniform catalytic surface obtained
from the analysis of [11]. The general relative
behavior of the two cases are seen to be similar
to that for the flat plate or the wedge. The
abscissa of Fig. 4 is x/L rather than ¢ as used in
Fig. 3. This is because the problem for the sphere
had to be solved separately for each xo.

The effect of a non-catalytic upstream surface
on the chemical reaction along a catalytic sur-
face is seen from Figs. 5 and 6 for the flat plate
or wedge and the sphere, respectively. The
figures show the parameter muy/(my)un. The rate
at which the chemical reaction is taking place at
a surface is directly proportional to m, as is
seen in (19) and (24). The quantity mw/(Mw)un,
therefore, represents the ratio of the chemical
reaction rate along the present surface to that

205
|/3
B A°=66
66
a4 — RESULT OF
NUMERICAL METHOD
(48) AND (45)
-—- RESULT OF REF[I)] i
03 FOR UNIFORM £,
066
0.2 — - - - - -
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o 02 0% 08 ) 12

73
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F1G. 4. Surface distribution of atoms around
spherical nose.

0 T2 T4 w6 T8 20 22 24 26 2e
E=x/x,

Fic. 5. Decay of upstream surface effect over flat
plate and wedge.

of the uniform catalytic surface. When the
boundary layer and the surface reaction forget
completely the existence of the non-catalytic
upstream surface, the ratio #./(#w)un is expected
to eventually become unity.

Fig. 5 shows that for a flat plate or a wedge
My, approaches (mu)yn faster as the parameter
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My /mw,wv

F1G. 6. Decay of upstream surface effect around
spherical nose.

A®? is increased. In the limit, as 4®P* - oo,
My/(My)un =1 for all x = x,. Since A ~ 1]k,
AP® - oo implies that the surface for x = x,,
like the upstream surface, is non-catalytic and,
therefore, there is no discontinuity at x = x,,
consequently, there are no adjustments to be
made by the boundary layer or the surface
reaction. The longest time for m,, to reach (my)un
is required when A4®® = 0, which is the case
when the surface at x = x, varies from a non-~
catalyst to a perfect catalyst. It is also seen in
the figure that for most of the finite k, con-
sidered, m,, reaches a value within 20 per cent
of (Muw)ur in the length of about one x,. A quali-
tatively similar trend is apparent for the sphere
in Fig. 6. The my for x = x,, however, ap-
proaches (mu)un much faster as a whole than it
did along a flat plate or a wedge. This is to be
expected, since both the favorable pressure
gradient and the three dimensionality associated
with the sphere would tend to keep the boundary
layer thinner. The behavior of the boundary
layer for x = x,, therefore, recovers much faster
to that over a uniform catalytic surface.

The solution for the cone, (38), is plotted in
Fig. 7. It is seen that the entire solution for the
cone depends on one variable, ¢. Since the
general behavior of the chemical reaction rate
and the boundary layer for x = x, is essentially
similar to that for the wedges and spheres, no
particular discussion of this configuration is
necessary.
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FiG. 7. Surface distribution of atoms over super-

sonic cone.

B. Local reduction of heat transfer by the use of
a non-catalyst

As shown in Figs. 3-6, atom concentrations
along the displaced catalytic surface stay above
the values for the uniform catalytic surface
for a considerable length of the surface. Since
qga is directly proportional to m1,, the effect of
having a non-catalytic surface upstream is to
increase gq along the downstream catalytic
surfaces.

Let us suppose that we wish to reduce the
local heat transfer at a location, where the heat
transfer is normally high, by making the surface
locally non-catalytic. Then the present analysis
indicates that we would be reducing the local
heat transfer at the expense of increasing the
heat transfer along the catalytic surfaces im-
mediately downstream.

This phenomenon is seen more clearly in
Fig. 8. In the upper portion of the figure, the
broken line shows the total heat transfer along
the uniform catalytic surface for a flat plate or
a wedge. The solid line shows the total heat
transfer along the displaced catalytic surface
located downstream of ¢ = 1. A comparison of
the two lines shows that the heat transfer is
decreased along the upstream surface, but at the
same time, it is increased along the downstream
surface. The physical reasoning is given as
follows: as the upstream surface is made non-
catalytic, the reactant accumulates excessively
along the surface. As soon as the catalytic sur-
face is reached at ¢ = 1, the surface reaction is
suddenly permitted, and it proceeds at a much
greater rate than that for the uniform catalytic
surface, since no excess accumulation of the



EFFECT OF DISCONTINUITY

2.8 .
\ g, WHEN 4, IS s
salo \(_INVARIANT FfOR  AF=od B
\ALL x . b
N =05
AN
2:0 e
6
|.2 -
08 T o )
a,/a, WHEN &, 1S /4y
o4r /INVAR'ANT FOR ALL x_ E%_,__
4 - "
o |
° -0 2:0

E=x/x,

FiG. 8. Effect of non-catalytic upstream surface on
heat transfer to downstream for Pr/Sc = 1-4.

reactant is present in the latter case. In contrast
to other means of reduction of local heat trans-
fer, such as the scheme of localized mass trans-
fer, the reduction of heat transfer by making the
surface non-catalytic, therefore, has an adverse
effect on heat transfer over the downstream
surfaces of finite catalycity. In the case of a
localized mass transfer, it is known that an
appreciable reduction of heat transfer can be
obtained for the downstream surfaces as well
(see [15]). However, because of the severe
limitation normally imposed upon the level of
heat transfer near the stagnation point, mainly
from material consideration, an alleviation of
heat transfer at this point, even at the expense
of creating regions of high heat flux downstream,
may still prove advantageous in many practical
applications.

The differences of heat transfers shown by the
solid and the broken lines for £ 2 1 vary
directly with ahr/(he — hu). It also increases as
the parameter A9? is decreased.

C. Application to the differential gage for high
temperature facility diagnostics

Several forms of the differential gage have been
proposed and used to measure the stream con-
centration of dissociated atoms in high tem-
perature test facilities (see [17] and [18]). The
basic principle of operation of the gage consists
of locating a pair of non-catalytic and highly
catalytic surfaces in such a way that the flow
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configurations over the surfaces are identical.
The measured heat transfer to the non-catalytic
surface gives g., whereas the measured heat
transfer to the catalytic surfaces give g7 =g¢.
-+ gqq. The difference of the two would give gq
from which «,, may be obtained from (19) and
(24). The solutions of the diffusion equation for
the surface reactions such as those given in the
present paper give a, as a function of a, when
the gas phase reaction is frozen. With known
aw, ae May be obtained from these solutions,
and a, is the same as ac.

It is seen from the brief discussion given above
that there are two basic conditions which must
be satisfied for a successful operation of the gage.
First, the gas-phase chemical reaction should be
completely frozen. The stagnation region of a
blunt body may be an ideal location for the gage
surfaces from the viewpoint of actual construc-
tion and also from the fact that the theory of the
stagnation point boundary layer with the cata-
lytic surface reaction is much better established
than that for other flow configurations [19].
One can see, however, from the analyses of gas-
phase chemical reaction near the stagnation
region given in references [2]-[4], [20], and [21]
that one may have to reduce the nose radius to
a much smaller size than would be feasible for
a particular application in order to freeze the
gas-phase reaction. Also, in many cases when
the free stream Mach number is high, the reduc-
tion of the nose size may take the flow out of the
boundary layer regime so that the validity of
analysis based on the boundary layer theory
may become questionable.

Such difficulties may be circumvented either
by locating the gage surfaces sufficiently away
from the stagnation point on a blunt body or by
using a wedge or a flat plate instead. As can be
seen from the non-equilibrium boundary layer
analysis of [3], the boundary layer reaction
freezes rapidly as the gas flows around a blunt
body. The reaction in the gas outside the blunt
body boundary layer probably would freeze
even faster since the velocity and the temperature
are higher there than in the boundary layer.
Also, the gas-phase chemical reaction usually
freezes much more readily on a wedge or a flat
plate than near the stagnation region of a blunt
body. This follows because the pressure is much
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lower and the flow velocities are much higher
along the surface of a wedge, for instance, than
at the stagnation region. Furthermore, it may be
advantageous from the engineering standpoint
to install the gage surfaces away from the lead-
ing edge of a flat plate or a wedge. It is then seen
that the present analysis can be used to deduce
ae when the gage surfaces are not located at
stagnation points or at leading edges.

The next condition which is required in order
to operate the gages satisfactorily is that one of
the gage surfaces be non-catalytic whereas the
other highly catalytic. In order to deduce an
accurate value of o, from the heat transfer
measurements, the ratio, gq/gr obtained must be
as large as possible. The ratio, gq/gr is plotted

y ! Q £ tha flat niat
at the lower portion of Fig. 8§ for the flat plate

and the wedge. The plot is for aehr/(he — hu)
of 0-5 and AP? == 0-1. The solid line is for the
surface of x = x, which is preceded by a non-
catalytic surface. The broken line is for the
uniform catalytic surface which has the same
finite k., from the leading edge. The results show
that the ratio gg/gr, which is a measure of the
sensitivity of the gages, is increased as the gage
surfaces are preceded by a non-catalytic surface.
A comparison is made of the ratio ga/gr
between the gage surfaces located flush with the
leading edge and those located away from the
edge. For the flow conditions corresponding to
the results of Fig. 8, let us assume that the latter
gages are located 3 in away from the leading
edge (x, = 3 in), and both gages are 0-9 inches in
streamwise length. Then the integration under
the appropriate ga/gr curves shows that the
over-all ratio of g4 and g7 is increased by about
100 per cent as the gages are simply moved
downstream 3 in. It is seen, therefore, that the
sensitivity of a given gage could be increased by
making the surface preceding the gage non-
catalytic. For gages of smaller length, the increase
in the over-all ratio of g4 and gr is even more
pronounced. Similar arguments apply to other
body shapes such as the cone and the sphere.

8. CONCLUDING REMARKS
The catalytic recombination of atoms along
a surface with a discontinuous variation of the
surface catalycity is studied. The catalycity is
considered to have a discrete jump from either
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zero or infinity to an arbitrarily constant value
at a given location. Highly-cooled hypersonic
boundary layers are considered for general two-
dimensional and axisymmetric bodies. Two
approaches are used in the study. One involves
a Volterra integral equation which is solved by
both a series method and a numerical method.
The other uses a modified Pohlhausen integral
method.

Since the Volterra equation is derived with the
only assumption of a linear velocity profile it is
expected to be more accurate than the Pohl-
hausen method where additional assumption is
made on the concentration profile. When
accurate local value of m,, is desired, such as in
the application of flow diagnostics, the Volterra
method is to be preferred. In the study of over-
all heat transfer in terms of governing para-
meters, however, the closed form solution given
by the Pohlhausen method is more useful.

Specific solutions are obtained for the case of
ki varying from zero to an arbitrarily constant
value on the surface of flat plates, wedges cones,
and spherical noses. Analytical solutions of the
diffusion equation are obtained for the flat plate.
wedges, and the cones. The numerical method,
on the other hand, is used to obtain a solution
around the spherical nose.

The results show that having a non-catalytic
upstream surface increases the heat transfer
along a downstream surface with a given finite
k. This increase could be considerable depend-
ing on the Damkohler number. Therefore, when
a non-catalytic surface is used to reduce a local
heat transfer, it is done at the expense of increas-
ing the heat transfer to the catalytic surfaces
following the non-catalytic surface.

It was shown. through the analysis, that the
sensitivity of a double-surface gage could be
increased considerably by preceding the catalytic
gage surface by a non-catalytic surface.

The present analysis was based on a boundary
layer theory. It, therefore, does not strictly
apply near x =: x, where the discontinuity in
k. occurs. The nature of the atom diffusion at
X =: X, 1S similar to that of the heat convection
at a point where a sudden variation in wall
temperature occurs, but it is not as drastic since
here m,, does not have a discontinuity at x == xg.
The inadequacy of the boundary layer theory
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at x = x,, however, should not have any
appreciable effect for x > x,.

In closing, it might be mentioned that, though
only the discontinuous variations of k, have
been considered in the present analysis, the
present methods can also be used to solve the
case of continuous variation in k,. As a matter
of fact, the solutions for the continuously vary-
ing k, can be obtained in a simpler manner.
This case and other related cases will be presented
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Résumé—On étudie la recombinaison catalytique des atomes le long d’une paroi dont le pouvoir
catalytique est discontinu. On considére la cas ou ce pouvoir catalytique fait, en un point donné, un
léger saut, a partir de zéro ou de I'infini, jusqu’a une valeur quelconque mais constante. On étudie les
couches limites hypersoniques trés refroidies sur des corps a deux dimensions ou des corps de révolu-
tion. Deux méthodes sont envisagées pour cette étude, 1'une utilise I’équation intégrale de Volterra,
résolue a la fois par mise en série et par une méthode numérique, I’autre utilise I'équation de Pohl-
hausen modifiée.

On étudie l'effet, d’une surface amont non catalytique, sur la transmission de chaleur vers les sur-
faces aval dont le pouvoir catalytique est défini. On propose également une méthode pour accroitre
la sensibilité d’une jauge catalytique différentielle utilisée pour déterminer les concentrations locales en

atomes dans les dispositifs expérimentaux a haute température.

Zusammenfassung—Die katalytische Rekombination von Atomen entlang einer Oberfliche mit
diskontinuierlicher Verdnderung der katalytischen Oberfiichenaktivitit wird untersucht. Man nimmt
an, dass die katalytische Wirkung einen Sprung von Null oder Unendlich auf beliebige aber konstante
Werte an einer bestimmten Stelle aufweist. Stark gekithlte hypersonische Laminargrenzschichten
werden fiir allgemeine zwei-dimensionale achssymmetrische Korper untersucht. Die Untersuchung
stiitzt sich auf zwei Naherungsmoglichkeiten: einer Volterra-Integralgleichung, die sowohl nach einer
Reihenmethode, als auch nach einer numerischen Methode gelost wurde und einer modifizierten
Pohlhausen Integralmethode.

Der Einfluss einer nicht katalytisch wirkenden Anlaufstrecke auf den Wirmeiibergang an eine
stromabwiirts gelegene Fliche von endlicher katalytischer Wirkung wird diskutiert. Auch liess sich
eine Methode vervollkommnen, um die Empfindlichkeit von differentialkatalytischen Messvorrich-
tungen zu erhdhen, die zur Bestimmung von ortlichen Atomkonzentrationen in Hochtemperatur-

versuchseinrichtungen dienen.

Annoranua—Ucenenyerca araauTnyeckad PeKOMCHHATMA aTOMOB BAOIb MOBEPXHOCTH HPIH
HApYUIOHUN HENPEPHBHOCTH KAaTAJNTHYECKON aKTHBHOCTH mociejHed. CUUTAeTCH, YTO KaTa-
JUTHYECKAA aKTUBHOCTb UMEET RUCKPETHRI! CKAYOK OT HYIIA NiIM GeCKOHEYHOCTH 0 IPOU3BO-
JIbHON, HO IIOCTOAHHON BeNUYMHE B 3aTAHHOM IOJOMEHUM. PaccMaTpMBalOTCHA CHJIBHO
OXJIQRIEHHEIE CBEPXSBYKOBBIC JTAMUHADHEE IOIDAHHYHEE CJION y OOBIYHEIX [JBYMEPHHIX M
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OCeCHMMETPUYHHX Tell. IIpH HMCCIeNOBAHMH HCHOJNBBOBANMCE JBA JIOAXOHA! HHTerpAIBHOE
ypasuenne BoanpTeppa, pelIaeMOoC KAy METOHOM DAaBJIOKEHMA B DA, TAK U THCICHHBIM
MeToOM, U MopuduuupoBaHHH HHTErpadbHEll meron IHousxaysena.

Paccmarpupaercs BINAHKE HEKATAJIUTHIECHKOH TTOBEPXHOCTH BBEPX N0 TEUSHUIO HA IEPEHOC
TeIia K NOBEPXHOCTAM BHU3 IO TeYeHMIO ¢ KOHEYHOH KaTaanTHyeckoif aKTUBHOCTHIO. IIpe-
III0EH CI0CO0 YCUIeHIA YyBCTBUTENBPHOCTH Tu(QepeHIHANLHOIO KATAIUTHYECKOTO U3MEpH -
TeALHOrO HpHGopa, UCIOAB3YEMOTO s ONpelelIeHHA JTOKANBHON ATOMHOM ROHIEHTPAMY B

BBICOKOTEMIIEPATYPHEIX BHCIEPIMEHTAIBHEIX YCTAHODKAX,



